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Abstract
In this paper we study those bent functions which are linear on elements of spreads, their
connections with ovals and line ovals, and we give descriptions of their dual bent functions.
In particular, we give a geometric characterization of Niho bent functions and of their duals,
we give explicit formula for the dual bent function and present direct connections with ovals
and line ovals. We also show that bent functions which are linear on elements of inequivalent
spreads can be EA-equivalent.
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1 Introduction
Bent functions were introduced by Rothaus [33] and then they were studied by Dillon [16] as
Hadamard difference sets. A bent function is a Boolean function with an even number of variables
which achieves the maximum possible distance from affine functions [7]. Bent functions have
relations to coding theory, cryptography, sequences, combinatorics and designs theory [1, 7, 10].
Dillon [16] introduced bent functions related to partial spreads of F2m×F2m . He constructed
bent functions that are constant on the elements of a spread. Dillon also studied a class of
bent functions that are linear on the elements of a Desarguesian spread. These functions were
throughly studied in [5, 6, 8, 20, 17, 28] as Niho bent functions. In [2, 9, 11, 31] these inves-
tigations were extended to other types of spreads, and bent functions which are affine on the
elements of spreads, were studied.
In this paper we study bent functions which are linear on the elements of spreads and
give geometric interpretations of their duals. Carlet and Mesnager showed [8] that any bent
function which are linear on the elements of a Desarguesian spread (they are equivalent to
Niho bent functions in a bivariate form) determines an o-polynomial (oval polynomial) from
finite geometry. Every o-polynomial defines an equivalence class of hyperovals, therefore Carlet
and Mesnager revealed a general connection between Niho bent functions and hyperovals in
Desarguesian spreads. But there are several inequivalent bent functions for each o-polynomial.
We make result of Carlet and Mesnager more precise and show that bent functions linear on
elements of a Desarguesian spread are in one-to-one correspondence with line ovals in an affine
plane. Points of the line oval completely define the dual bent function. More precisely, the zeros
of the dual function of a Niho bent function are exactly the points of the line oval (in other words,
the dual function of a Niho bent function is obtained from the characteristic function of the set
∗This work was supported by UAEU grant 31S107
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of points of the line oval by adding all-one constant function). Therefore, we have geometric
characterization of Niho bent functions and of their duals. In addition, starting from that line
ovals one can construct ovals, but in general they will be in a projective plane, not affine plane.
So every Niho bent function uniquely defines a line oval in an affine plane, and conversely, every
line oval in an affine plane uniquely defines a Niho bent function. Similarly, each Niho bent
function uniquely defines an oval (in general, in a projective plane) with a special property and
conversely, such an oval uniquely determines a Niho bent function. Hence, from known Niho
bent functions one can get new compact representations of ovals, and conversely from known
representations of ovals one can get new examples of Niho bent functions. In particular, Subiaco
and Adelaide hyperovals can be written in a very compact way, contrary to the complicated
representation when they are written with the help of o-polynomials (Subiaco and Adelaide
hyperovals have very complicated o-polynomials). In addition, our investigations allow us to
address an open question on duals of Niho bent functions and give explicit straightforward
formula for the dual function of any Niho bent function. We also discuss a question on EA-
equivalence of Niho bent functions obtained from equivalent hyperovals. Note that hyperovals
have not yet been classified, and the list of known hyperovals can be found in [12, 13].
Next we consider the general case of arbitrary spreads and investigate bent functions which
are linear on the elements of a spread. We show that such bent functions are in one-to-one
correspondence with line ovals in an appropriate affine plane. We also show that the dual of
such bent function f(x, y) can be characterized by the corresponding line oval (the zeroes of the
dual function f˜(x, y) can be obtained from the points of the line oval by swapping coordinates
(x, y)). Then we study these constructions in two special cases related to symplectic spreads and
consider examples. We show that bent functions which are linear on the elements of inequivalent
spreads can be EA-equivalent by presenting such examples.
The paper is organized as follows. We recall first in Section 2 definitions and notation con-
cerning bent function, spreads, ovals and line ovals. In Section 3 we study Niho bent functions,
their duals and their connections with ovals and line ovals. Next, in Section 4 we consider the
general case of spreads and investigate bent functions which are linear on the elements of a
spread.
2 Preliminary considerations and notation
We recall here some definitions and notation.
2.1 Bent functions
Let K = F2n and F2 be finite fields of orders 2
n and 2 respectively. Let Fn2 be an F2-vector space
of dimension n. We shall endow Fn2 with the structure of the field F2n . A Boolean function on
F2n is a mapping from F2n to the prime field F2.
If f is a Boolean function defined on F2n , then the Walsh transform of f is defined as follows:
Wf (b) =
∑
x∈F2n
(−1)f(x)+Tr(bx),
where Tr is the trace function from F2n to F2. Bent functions can be defined in terms of the
Walsh transform. Let n be an even integer. A Boolean function f on F2n is said to be bent if
its Walsh transform satisfies Wf (b) = ±2n/2 for all b ∈ F2n .
Given a bent function f over F2n , we can always define its dual function, denoted by f˜ ,
when considering the signs of the values of the Walsh transform Wf (b) of f . More precisely, f˜
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is defined by the equation:
(−1)f˜(x)2n/2 =Wf (x).
The dual of a bent function is bent again, and ˜˜f = f .
Boolean functions f, g : F2n → F2 are extended-affine equivalent (in brief, EA-equivalent)
if there exist an affine permutation L of F2n and an affine function ℓ : F2n → F2 such that
g(x) = (f ◦ L)(x) + ℓ(x).
If Boolean functions f and g are EA-equivalent and f is bent then g is bent too.
2.2 Ovals and line ovals
Let F = F2m be a finite field of order q = 2
m. The affine plane AG(2, q) has as points the vectors
of V = F × F , and as lines {(c, y) | y ∈ F} and {(x, xb + a) | x ∈ F}, a, b, c ∈ F . These lines
can be described by equations x = c and y = xb + a. The projective plane PG(2, q) of order
q is obtained from AG(2, q) by adding points at infinity in the following way. A set of parallel
lines in AG(2, q) define a point at infinity: the point at infinity corresponding to the parallel
lines x = c, c ∈ F , is denoted by (∞) and the point at infinity corresponding to the parallel
lines y = xb+ a, a ∈ F , is denoted by (b). Lines of PG(2, q) are {(c, y) | y ∈ F} ∪ {(∞)} and
{(x, xb + a) | x ∈ F} ∪ {(b)}, a, b, c ∈ F , and the line at infinity {(b) | b ∈ F} ∪ {(∞)}.
Let PG(2, q) be a finite projective plane of order q. An oval is a set of q+1 points, no three
of which are collinear. Dually, a line oval is a set of q+1 lines no three of which are concurrent.
Any line of the plane meets the oval O at either 0, 1 or 2 points and is called exterior, tangent
or secant, respectively. All the tangent lines to the oval O concur [21] at the same point N ,
called the nucleus (or the knot) of O. The set O∪N becomes a hyperoval, that is a set of q+2
points, no three of which are collinear. Conversely, by removing any point from hyperoval one
gets an oval. If O is a line oval, then there is exactly one line ℓ such that on each of its points
there is only one line of O. This line is called the (dual) nucleus of O. The (q + 2)-set O ∪ {ℓ}
is line hyperoval or dual hyperoval.
By a line oval O in an affine plane AG(2, q) we assume a set of q+1 lines in AG(2, q), such
that these lines, extended by corresponding points at infinity, determine a line oval in PG(2, q)
(whose nucleus is the line at infinity). If a line s belongs to a line oval O, remaining q lines from
O intersect the line s in q different points. But the line s contains q points, therefore any point
of s belongs to two lines from O. In other words, for any line oval through any point of AG(2, q)
either 2 or 0 lines pass.
For any oval in PG(2, q) there are q(q + 1)/2 secants and q(q − 1)/2 exterior lines. Dually,
let O be a line oval in an affine plane AG(2, q) and E(O) the set of points which are on the lines
of the line oval O:
E(O) = {(x, y) ∈ V | (x, y) is on a line of O}.
Then each point of E(O) belongs to two lines of O,
|E(O)| = q(q + 1)/2
and there are q(q − 1)/2 points in AG(2, q) that do not belong to O (see, for example, [21,
p. 163, Corollary 1], [14, p. 148, Statement 23] or [30, p. 126]). Note that Kantor [22, Theorem
7] showed that E(O) is a difference set in K.
2.3 Polar representations
Let F = F2m be a finite field of order 2
m, q = 2m, n = 2m. Consider F as subfield of K = F2n ,
so K is a two dimensional vector space over F .
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As usually, for finite fields F2ks ⊇ F2k the trace function TrF2ks/F2k of x ∈ F2ks over F2k is
defined by
TrF
2ks
/F
2k
(x) = x+ x2
k
+ · · ·+ x2k(s−1) .
For different kinds of trace functions we denote
Tr(x) = Tr
F2n/F2
(x), T (x) = Tr
F2n/F2m
(x), tr(x) = Tr
F2m/F2
(x).
The conjugate of x ∈ K over F is
x¯ = xq.
Then the trace map from K to F is
TrK/F (x) = T (x) = x+ x¯,
and the norm map from K to F is
NK/F (x) = xx¯ = x
1+q.
The unit circle of K is the set of elements of norm 1:
S = {u ∈ K : uu¯ = 1}.
Therefore, S is the multiplicative group of (q + 1)st roots of unity in K. Since F ∩ S = {1},
each non-zero element of K has a unique polar coordinate representation
x = λu
with λ ∈ F ∗ and u ∈ S. For any x ∈ K∗ we have
λ =
√
xx¯,
u =
√
x/x¯.
In thesis [15, p. 24], following ideas from [18, p. 32], the ρ-polynomials were introduced in
the following way. Since K is a two dimensional vector space over F , one can identify points of
affine plane AG(2, q) with elements of the field K = F2n . Consider hyperoval in K containing
0 ∈ K. Then this hyperoval should contain exactly one point (not counting 0) on each line
passing through 0, i.e., on elements of the set uF , for all u ∈ S. Therefore, nonzero points of
the hyperoval can be written as uρ(u), for some function ρ : S → F ∗. Such functions are called
ρ-polynomials in [15]. Then the points of the hyperoval will be {uρ(u) : u ∈ S} ∪ {0}. In other
words, {uρ(u) : u ∈ S} is an oval with nucleus in 0 ∈ K.
One can define nondegenerate bilinear form by (·, ·) : K ×K → F by
(x, y) = T (xy).
Lines of AG(2, q) can be considered as the zeroes of an equation (a, x)+ b = 0. Normalising a to
u ∈ S, we see that lines of AG(2, q) can be considered as the zeroes of an equation T (ux)+µ = 0:
L(u, µ) = {x ∈ K : T (ux) + µ = 0},
where u ∈ S and µ ∈ F (see for details [3, subsection 2.1]). Note that there are (q+1)q = q2+ q
such lines, which coincides with the total number of lines in AG(2, q). Lines L(u, λ) and L(u, µ)
are parallel.
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2.4 Niho bent functions
The affine plane AG(2, q) has as points the vectors of the space V = F × F . A Desarguesian
spread of F ×F is a collection of q+1 one-dimensional subspaces such that every nonzero point
of F × F lies in a unique subspace [14]. Elements of K = F2n can be considered as points of
affine plane AG(2, q). Then the set
{uF : u ∈ S}
is a spread. We consider bent Boolean functions f : K → F2, which are F2-linear on each
element uF of the spread, and call them Niho bent functions.
A positive integer d (always understood modulo 2n − 1) is said to be a Niho exponent and
x→ xd is a Niho power function if the restriction of xd to F is linear or, in other words, d ≡ 2j
(mod 2m − 1) for some j < n. As one considers Tr(axd) with a ∈ K, without loss of generality,
one can assume that d is in the normalized form, i.e., with j = 0. Then we have a unique
representation d = (2m − 1)s+1 with 2 ≤ s ≤ 2m. If some s is written as a fraction, this has to
be interpreted modulo 2m +1 (e.g., 1/2 = 2m−1 +1). Following are some known bent functions
consisting of one or more Niho exponents:
1. Quadratic function Tr(axd1) with a ∈ K∗, d1 = (2m − 1)12 + 1.
2. Binomials of the form Tr(α1x
d1 + α2x
d2), where d1 = (2
m − 1)12 + 1, α1, α2 ∈ K∗, (α1 +
α1)
2 = α2α2. The possible values of d2 are [17]:
d2 = (2
m − 1)3 + 1,
d2 = (2
m − 1)1
6
+ 1 (taking m even).
3. Take 1 < r < m with gcd(r,m) = 1 and define
f(x) = Tr(a2x2
m+1 + (a+ a¯)
2r−1−1∑
i=1
xdi),
where 2rdi = (2
m − 1)i+ 2r and a ∈ K, a+ a¯ 6= 0 [28]. In particular, in the simplest case
that r = 2 and m is odd, one has
f(x) = Tr(ax(2
m−1) 1
2
+1 + (a+ a¯)x(2
m−1) 1
4
+1),
which is the case considered in [17].
3 Geometric characterization of Niho bent functions
Let Boolean function f : K → F2 be linear on elements of the spread {uF : u ∈ S}. Then for
any λ ∈ F , function f can be defined by
f(λu) = tr(λg(u)) (1)
for some function g : S → F .
Theorem 3.1. Let the function f be defined by Equation (1). Then the following statements
are equivalent:
1. The function f is bent;
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2. The set O = {L(u, g(u)) : u ∈ S} is a line oval in K.
In this case the dual bent function for f(x) is
f˜(x) = 1 + χE(O)(x) =
{
0, if x ∈ E(O),
1, if x 6∈ E(O),
where E(O) is the set of points which are on the lines of the line oval O.
In addition, any line oval O in K can be written as O = {L(u, g(u)) : u ∈ S} for some
function g : S → F , and it determines a bent function, whose restrictions to the elements of the
spread {uF : u ∈ S} are linear.
Proof. The Walsh transform of the function f(x) is
Wf (b) =
∑
x∈K
(−1)f(x)+Tr(xb)
= 1 +
∑
λ∈F ∗, u∈S
(−1)f(λu)+Tr(λub)
= 1 +
∑
λ∈F ∗, u∈S
(−1)tr(λg(u))+tr(λub+λu¯b¯)
= 1− (q + 1) +
∑
λ∈F, u∈S
(−1)tr(λ(g(u)+ub+u¯b¯))
= −q +
∑
u∈S
∑
λ∈F
(−1)tr(λ(g(u)+ub+u¯b¯))
= −q + |Nb|q = q(|Nb| − 1),
where Nb = {u ∈ S : g(u) + ub+ u¯b¯ = 0}. Therefore, Boolean function f(x) is bent if and only
if |Nb| = 2 or 0 for any b. But
Nb = {u ∈ S : g(u) + ub+ u¯b¯ = 0} = {u ∈ S : b ∈ L(u, g(u))}.
Hence, Boolean function f(x) is bent if and only if there are 2 or 0 lines of the form L(u, g(u))
passing through any point b ∈ K, which means that the set of q+1 lines O = {L(u, g(u)) : u ∈ S}
forms a line oval.
Futhermore, |Nb| = 2 if and only if b belongs to a line L(u, g(u)) ∈ O. Therefore, Wf (b) = q
if and only if b ∈ E(O), which means f˜(b) = 0 if and only if b ∈ E(O).
Finally, let O be a line oval in K. There are no parallel lines in O, since for corresponding
line oval in a projective plane two parallel lines and line at infinity are concurrent. Therefore,
the line oval O consists of q + 1 different lines of the form L(u, µu), u ∈ S. Hence, for any
u ∈ S there is unique element µu ∈ F , so the line oval O defines a function g : S → F given
by g(u) = µu. By the first part of Theorem, Boolean function f defined by Equation (1) is
bent.
Therefore, bent function f defined by Equation (1) canonically corresponds to a line oval
O = {L(u, g(u)) : u ∈ S} in K and its dual function f˜ is determined by characteristic function
of E(O).
Theorem 3.1 gives a formula for dual bent functions.
Corollary 3.2. Let f be a Niho bent function and f(λu) = tr(λg(u)) for a function g : S → F .
Then the dual function for f(x) is of the form
f˜(x) =
∏
u∈S
(T (xu) + g(u))q−1.
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Proof. Let O = {L(u, g(u)) : u ∈ S} be the line oval in K corresponding to f(x). By Theorem
3.1, f˜(x) = 0 if and only if x ∈ L(u, g(u)) for some u ∈ S, which means that T (xu) + g(u) = 0
for some u ∈ S. It is equivalent to (T (xu) + g(u))q−1 = 0 since T (xu) + g(u) ∈ F . Hence
f˜(x) =
∏
u∈S
(T (xu) + g(u))q−1,
as required.
Corollary 3.2 allows us to answer open question on duals of known Niho bent functions. For
instance, for the Niho bent function of the form f(x) = Tr(axd1), d1 = (2
m − 1)12 + 1, we have
f(λu) = Tr(λ(aud1)) = tr(λ(aud1 + a¯u¯d1)) = tr(λ(au(−2)
1
2
+1 + a¯u¯(−2)
1
2
+1)) = tr(λ(a+ a¯)),
g(u) = a+ a¯.
Therefore,
f˜(x) =
∏
u∈S
(xu+ x¯u¯+ a+ a¯)q−1.
For the Niho bent function of the form f(x) = Tr(axd1 +xd2), a+ a¯ = 1, d1 = (2
m−1)12 +1,
d2 = (2
m − 1)3 + 1, we have
f(λu) = Tr(λ(aud1 + ud2)) = tr(λ(aud1 + a¯u¯d1 + ud2 + u¯d2)),
g(u) = aud1 + a¯u¯d1 + ud2 + u¯d2
= au(2
m−1) 1
2
+1 + a¯u¯(2
m−1) 1
2
+1 + u(2
m−1)3+1 + u¯(2
m−1)3+1
= au(−2)
1
2
+1 + a¯u¯(−2)
1
2
+1 + u(−2)3+1 + u¯(−2)3+1
= 1 + u5 + u¯5.
Therefore,
f˜(x) =
∏
u∈S
(xu+ x¯u¯+ 1 + u5 + u¯5)q−1. (2)
For the Niho bent function of the form f(x) = Tr(axd1 +xd2), a+ a¯ = 1, d1 = (2
m−1)12 +1,
d2 = (2
m − 1)16 + 1, we have
g(u) = 1 + u(−2)
1
6
+1 + u¯(−2)
1
6
+1 = 1 + u2/3 + u¯2/3,
f˜(x) =
∏
u∈S
(xu+ x¯u¯+ 1 + u2/3 + u¯2/3)q−1. (3)
Finally, for the Niho bent function of the form f(x) = Tr(ax2
m+1 +
∑2r−1−1
i=1 x
di), where
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2rdi = (2
m − 1)i+ 2r and a ∈ K, a+ a¯ = 1, we have
g(u) = 1 +
2r−1−1∑
i=1
udi +
2r−1−1∑
i=1
u¯di
= 1 +
2r−1−1∑
i=1
u−2i/2
r+1 +
2r−1−1∑
i=1
u¯−2i/2
r+1
= 1 + u−2/2
r+1 · 1− (u
−2/2r )2
r−1−1
1− u−2/2r + u¯
−2/2r+1 · 1− (u¯
−2/2r )2
r−1−1
1− u¯−2/2r
= 1 +
u−2/2
r+1 − 1
1− u−2/2r +
u¯−2/2
r+1 − 1
1− u¯−2/2r
= 1 +
u− u2/2r
u2/2
r − 1 +
u¯− u¯2/2r
u¯2/2
r − 1
=
u+ u¯+ uu¯2/2
r
+ u¯u2/2
r
u2/2r + u¯2/2r
=
u+ u¯+ u2
1−r−1 + u¯2
1−r−1
u21−r + u¯21−r
for u 6= 1 and g(1) = 1. Therefore,
f˜(x) = (x+ x¯+ 1)q−1
∏
u∈S\{1}
(
xu+ x¯u¯+
u+ u¯+ u2
1−r−1 + u¯2
1−r−1
u21−r + u¯21−r
)q−1
. (4)
We note that the previous dual function f˜(x) is also calculated in [5] and given by:
f˜(x) = Tr((e(1 + x+ x¯) + e2
n−r
+ x¯)(1 + x+ x¯)1/(2
r−1)), (5)
where e is an element from K with property e + e¯ = 1. Calculations in Magma [4] confirm
that expressions (4) and (5) represent the same function (moreover, calculations in Magma also
confirm formulas (2) and (3)).
We also note that in the simplest case that r = 2 and m is odd, we have g(u) = 1+ u
1
2 + u¯
1
2
and formula (4) becomes
f˜(x) =
∏
u∈S
(
xu+ x¯u¯+ 1 + u
1
2 + u¯
1
2
)q−1
.
Next we show that adding a linear function Tr(cx) to f(x) produces a shift of the corre-
sponding line oval by the element c. We remind that if f(x) is bent then f(x) + Tr(cx) is bent
as well. Consider shifting by an element c on the affine plane AG(2, q):
τc : x 7→ x+ c.
Proposition 3.3. Let a bent function f be defined by f(λu) = tr(λg(u)), where λ ∈ F , u ∈ S,
and O = {L(u, g(u)) : u ∈ S} be its corresponding line oval. Define function fc(x) = f(x) +
Tr(cx) and line oval Oc = τcO, where c ∈ F . Then
f˜c(x) = 1 + χE(Oc).
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Proof. We have
Wfc(b) =
∑
x∈F
(−1)f(x)+Tr(cx)+Tr(bx)
= Wf (b+ c)
=
{
q, if b+ c ∈ E(O),
−q, if b+ c 6∈ E(O)
=
{
q, if b ∈ E(Oc),
−q, if b 6∈ E(Oc).
Therefore,
f˜c(x) = 1 + χE(Oc). 
We showed that Niho bent functions are in one-to-one correspondence with line ovals in an
affine plane. Now, using duality between line ovals and ovals, we also show that Niho bent
functions are in one-to-one correspondence with ovals with special property. Then known Niho
bent functions allow us to get new compact representations of ovals. In particular, Subiaco
and Adelaide hyperovals can be written in a very compact way, contrary to the complicated
representation when they are written with the help of o-polynomials.
Some ovals will be inside affine plane AG(2, q) (identified with the field K), and some of
them will be not in AG(2, q), but in a projective plane PG(2, q). We extend affine plane K to
a projective plane K = K ∪ {u∞ : u ∈ S}, where u∞ is the point at infinity defined by the line
L(u, 0).
Lemma 3.4. The set of nonzero points pi ∈ K, i = 1, 2, . . . , q + 1, forms an oval if and only if
the set of lines T (pix) = 1, i = 1, 2, . . . , q + 1, forms a line oval.
Proof. Let’s show that if the set of nonzero points {pi : i = 1, 2, . . . q + 1} is an oval then the
set T (pix) = 1, i = 1, 2, . . . , q + 1, forms a line oval. Indeed, if lines T (pix) = 1, T (pjx) = 1,
T (pkx) = 1 intersect in one point b, then
T (pib) = 1, T (pjb) = 1, T (pkb) = 1.
Hence T ((pi−pj)b) = 0, T ((pj−pk)b) = 0 and vectors pi−pj and pj−pk are collinear, so points
pi, pj and pk are on one line.
Conversely, we show that if a set of lines T (pix) = 1, i = 1, 2, . . . , q + 1, forms a line oval
then the points pi ∈ K, i = 1, 2, . . . , q + 1, forms an oval. Assume that points pi, pj and pk are
on one line. Then vectors pi − pj and pj − pk are collinear, so there is nonzero b ∈ K such that
T ((pi − pj)b) = 0, T ((pj − pk)b) = 0. Therefore,
T (pib) = T (pjb) = T (pkb) = c
for some c ∈ F . If c = 0 then points pi, pj and pk belong to one line T (bx) = 0. Therefore, lines
T (pix) = 1, T (pjx) = 1 and T (pkx) = 1 are parallel and intersect in a point at infinity. If c 6= 0
then
T (pi(b/c)) = 1, T (pj(b/c)) = 1, T (pk(b/c)) = 1,
hence b/c belongs to three lines T (pix) = 1, T (pjx) = 1 and T (pkx) = 1.
Let O = {L(u, g(u)) : u ∈ S} be a line oval in K. Note that g(u) = 0 means that the line
L(u, g(u)) passes through point 0. Any point of K can belong to 2 or 0 lines of a line oval.
Hence if g(u) = 0 for some u ∈ S, then there are exactly two solutions of the equation g(u) = 0
with u ∈ S. We consider the set { ug(u) : u ∈ S}, where we assume that ug(u) = u∞ if g(u) = 0.
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Theorem 3.5. Let a bent function f be defined by Equation (1).
1. If g(u) 6= 0 for all u ∈ S then the set { ug(u) : u ∈ S} forms an oval in K with nucleus in 0.
2. There are q(q−1)2 points c ∈ K such that g(u) + cu+ c¯u¯ 6= 0 for all u ∈ S and hence the set
{ ug(u)+cu+c¯u¯ : u ∈ S} forms an oval in K with nucleus in 0.
3. The set { ug(u) : u ∈ S} ∪ {0} forms a hyperoval in K.
Proof. 1) By Theorem 3.1 the set O = {L(u, g(u)) : u ∈ S} is a line oval. Therefore, the set
of lines T ( ug(u)x) = 1 forms line oval, and by Lemma 3.4 the set { ug(u)} forms an oval. We get
an hyperoval by adding point 0 to this oval, since on the line joining 0 and u there is only one
point from our oval.
2) Recall that g(u) = 0 for some u ∈ S if and only if the line L(u, g(u)) passes through
the point 0. Since E(O) does not cover all elements of K, we can choose c ∈ K such that
c 6∈ E(O). There are q(q−1)2 such points c ∈ K. Therefore c 6∈ L(u, g(u)) for any u ∈ S,
which means T (cu) + g(u) 6= 0 for any u ∈ S. Consider bent function fc = f + Tr(cx).
Then fc is linear on elements of the spread {uF : u ∈ S} and its corresponding function
gc(u) = g(u) + cu + c¯u¯ = g(u) + T (cu) 6= 0 for any u ∈ S. Now we can apply part 1) for the
function fc.
3) It follows from previous considerations. If g(u) = 0 for some u ∈ S then two points of
hyperoval are on the line at infinity. Then we can reason as in Lemma 3.4.
Remark 3.6. We note that, if g(u) 6= 0 for all u ∈ S, then the function 1g(u) is a ρ-polynomial
in the sense of [15].
Corollary 3.7. Let f be a Niho bent function of the form f(x) = Tr(axd1 + xd2), a + a¯ = 1,
d1 = (2
m − 1)12 + 1. Then g(u) = 1 + ud2 + u¯d2 .
1) If g(u) 6= 0 for all u ∈ S then the set { u
1+ud2+u¯d2
: u ∈ S} forms an oval in K with
nucleus in 0.
2) If for some c ∈ K one has g(u)+ cu+ c¯u¯ 6= 0 for all u ∈ S then the set { u
1+ud2+u¯d2+cu+c¯u¯
:
u ∈ S} forms an oval in K with nucleus in 0.
Proof. It follows from the previous theorem.
Let f be a Niho bent function of the form f(x) = Tr(axd1), a+ a¯ = 1, d1 = (2
m − 1)12 + 1.
Then g(u) = 1 and the set {u : u ∈ S} forms an oval in K with nucleus in 0.
Let f be a Niho bent function of the form f(x) = Tr(axd1+xd2), a+a¯ = 1, d1 = (2
m−1)12+1,
d2 = (2
m − 1)3 + 1. Then
g(u) = 1 + u5 + u¯5.
It corresponds to a Subiaco hyperoval [15, 20]. Indeed, consider a ρ-polynomial
ρ(x) =
x5
x10 + x6 + x5 + x4 + 1
from [15] for a Subiaco hyperoval. Then define
g′(u) =
1
ρ(u)
= 1 + u5 + u¯5 + u+ u¯.
This function corresponds to the bent function f(x) = Tr(axd1 + xd2 + x). Therefore, the set{
u
1 + u5 + u¯5
: u ∈ S
}
∪ {0}
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forms a Subiaco hyperoval.
Let f be a Niho bent function of the form f(x) = Tr(axd1+xd2), a+a¯ = 1, d1 = (2
m−1)12+1,
d2 = (2
m−1)16+1, m even. Then g(u) = 1+u2/3+u¯2/3. For u 6= 1 we have g(u) = u+u¯u1/3+u¯1/3 6= 0.
Hence the set {
u
1 + u2/3 + u¯2/3
: u ∈ S
}
forms an oval in K with nucleus in 0. It corresponds to an Adelaide hyperoval [15, 20]. Indeed,
consider a ρ-polynomial
ρ(x) =
x(x
1
3 + 1)3
(x+ 1)3
, ρ(1) = 1
from [15] for an Adelaide hyperoval. Then define
g′(u) =
1
ρ(u)
=
(u+ 1)3
u(u
1
3 + 1)3
=
(u
2
3 + u
1
3 + 1)3
u
= 1 + u2/3 + u¯2/3 + u+ u¯.
This function corresponds to the bent function f(x) = Tr(axd1 + xd2 + x). Therefore, the set{
u
1 + u2/3 + u¯2/3
: u ∈ S
}
∪ {0}
gives new representation of an Adelaide hyperoval in K.
We showed that Niho bent functions define ovals. Now we show that conversely from any
oval in K one can construct Niho bent function.
Theorem 3.8. Let O be an oval in K with nucleus in 0. Let f(x) = tr(x/v) for x ∈ vF , where
v ∈ O. Then f(x) is a Niho bent function and
f(x) =
∑
v∈O
[(xq
2−q − vq2−q)q2−1 + 1]
m−1∑
j=0
(x/v)2
j
.
(In other words, if O is an oval in K with nucleus in 0 then the function defined by f(x) =
tr(λ) for x = λv, v ∈ O, is a Niho bent function. Note that if x/v ∈ F then ∑m−1j=0 (x/v)2j is
the trace function tr(x/v).)
Proof. Let O be an oval in K with nucleus in 0. Then any element of v ∈ O can be written as
v = uρ(u) = ug(u) for some ρ-polynomial ρ and corresponding function g(u). Let x = λu, u ∈ S,
λ ∈ F . Then function
f(x) = tr(λg(u)) = tr
(x
u
· u
v
)
= tr
(x
v
)
is bent.
Now we should produce a formula for the function f(x). If v = ug(u) then v¯
−1 = ug(u). Hence
u =
√
vv¯−1 =
√
v1−q =
√
vq
2−q. On the other hand, if x = λu′ 6= 0 then u′ =
√
x/x¯ =
√
x1−q =√
xq2−q. So u = u′ if and only if vq
2−q = xq
2−q. Therefore, a function which is equal to tr(x/v)
for x ∈ vF , and zero otherwise, can be written as
[(xq
2−q − vq2−q)q2−1 + 1]
m−1∑
j=0
(x/v)2
j
.
We note that f(x) is a sum of such functions for v ∈ O.
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Example 3.9. Fisher and Schmidt [18] showed the set {u + u3 + u−3 : u ∈ S} ∪ {0} forms a
hyperoval in K. It is the Payne hyperoval when m is odd, and the Adelaide hyperoval when m
is even. Therefore, this hyperoval determines a new bent function
f(x) =
∑
u∈S
[(xq
2−q − (u+ u3 + u−3)q2−q)q2−1 + 1]
m−1∑
j=0
(x/(u+ u3 + u−3))2
j
.
4 Bent functions linear on elements of spreads
In this section we study bent functions which are linear on the elements of an arbitrary spread.
The main result of the section is Theorem 4.6 where bent functions linear on the elements of
a spread are shown to be in one-to-one correspondence with line ovals in an appropriate affine
plane. First we recall some notation and facts on spreads.
4.1 Notation and facts
Let F = F2m and consider F × F as a 2m-dimensional vector space over F2. We recall that a
spread of F × F is a family of 2m + 1 subspaces of dimension m such that every nonzero point
of F × F lies in a unique subspace. Every spread can be obtained from a, usually not unique,
quasifield [14].
Definition 4.1. A system Q = (V,+, ◦), with |V | finite, is a (right) prequasifield if the following
axioms hold:
(1) (V,+) is an Abelian group, with additivity identity 0;
(2) (V ∗, ◦) is a quasigroup;
(3) (x+ y) ◦ z = x ◦ z + y ◦ z for all x, y, z ∈ V ;
(4) x ◦ 0 = 0 for all x ∈ V .
Prequasifield is a quasifield if it has a multiplicative identity.
Similarly one can define left prequasifield, where left distributivity satisfies in place of right
distributivity. Right prequasifield is a presemifield if it is also a left prequasifield.
Any finite prequasifield can be obtained from a finite field F preserving the addition + and
defining new operation ◦, so we denote this prequasifield by Q = (F,+, ◦).
The kernel K(Q) of quasifield Q = (F,+, ◦) consists of all the elements k ∈ Q such that
k ◦ (x ◦ y) = (k ◦ x) ◦ y and k ◦ (x+ y) = k ◦ x+ k ◦ y for all x, y ∈ Q. The kernel K(Q) is a field
and Q is a vector space over K(Q).
Let tr be the absolute trace function from F into F2. We define a F2-bilinear form B :
F × F → F2 by
B(x, y) = tr(xy),
and an alternating form on (F × F )× (F × F ) by
〈(x, y), (x′, y′)〉 = B(x, y′)−B(y, x′).
If L : F → F is a F2-linear map, its adjoint operator L∗ with respect to the form B is defined
as a unique linear operator satisfying the following condition:
B(L∗(x), y) = B(x,L(y)), for all x, y ∈ F.
Let Q = (F,+, ◦) be a finite prequasifield. With Q one can associate a spread Σ(Q),
consisting of subspaces {(0, y) | y ∈ Q} and {(x, x ◦ z) | x ∈ Q}, z ∈ Q. By modifying the
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multiplication, the prequasifield can be turned in a quasifield in such a way that the respective
associated spreads are the same. Let’s find the spread Σ(Q)⊥, which is orthogonal (dual) to
the spread Σ(Q) with respect to the alternating form 〈·, ·〉. Define Rz(x) = x ◦ z. Then
the spread Σ(Q)⊥ can be written as spread, consisting of subspaces {(0, y) | y ∈ Q} and
{(x,R∗z(x)) | x ∈ Q}, z ∈ Q, since subspaces {(x,Rz(x)) | x ∈ Q} and {(x,R∗z(x)) | x ∈ Q}
are perpendicular. Therefore, this spread is associated with other prequasifield Qt = (F,+, ⋆),
which is called transpose prequasifield and defined by multiplication
x ⋆ z = R∗z(x).
In other words, Σ(Q)⊥ = Σ(Qt), where the transpose prequasifield Qt = (F,+, ⋆) is defined
by
B(x ⋆ z, y) = B(x, y ◦ z). (6)
Therefore, relation (6) determines connection between prequasifield Q = (F,+, ◦) and its trans-
pose Qt = (F,+, ⋆).
Let Q = (F,+, ◦) be a right prequasifield with respect to an operation ◦. We define the dual
left prequasifield Qd = (F,+, ∗) by operation
x ∗ y = y ◦ x.
Two presemifields (S,+, ◦) and (S′,+, ◦′) are said to be isotopic if there exist three bijective
linear mappings L, M , N from S to S′ such that
L(x ◦ y) =M(x) ◦′ N(y), ∀x, y ∈ S.
In case of presemifields, using operations Sd and St one can get at most 6 isotopy classes
of presemifields, which is called the Knuth [26, 27] orbit K(S) (or Knuth derivatives) of the
presemifield S:
K(S) = {[S], [Sd], [St], [Sdt], [Std], [Sdtd] = [Stdt]}.
A presemifield S = (F,+, ◦) is called commutative, if the operation ◦ of multiplication is
commutative. A prequasifield is called symplectic, if its associated spread is symplectic (that is,
every subspace from spread is isotropic with respect to the alternating form 〈·, ·〉). This means
〈(x, x ◦ z), (y, y ◦ z)〉 = 0
for any x, y, z ∈ F . Equivalently,
B(x ◦ z, y) = B(x, y ◦ z) (7)
for any x, y, z ∈ F .
Equality (7) means that all right multiplication mappings Rz(x) = x ◦ z of a symplectic
prequasifield are self-adjoint with respect to B.
A presemifield S is commutative if and only if S = Sd, and a presemifield S is symplectic if
and only if S = St. Therefore, Knuth orbit of a commutative (symplectic) presemifield contains
at most three elements. If presemifield S is commutative then Std is symplectic, and if S is
symplectic then Sdt is commutative. If presemifield S is commutative then its transpose St is
dual to symplectic presemifield Std.
Starting from a symplectic presemifield (F,+, ◦), one can construct a commutative presemi-
field in the following way [23, 25]. Consider the linear map Lz : F → F , Lz(x) = z ◦ x. Let L∗z
be the adjoint operator of Lz with respect to the form B:
B(z ◦ x, y) = B(Lz(x), y) = B(x,L∗z(y)).
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We introduce new operation ∗ by
z ∗ y = L∗z(y),
so
B(z ◦ x, y) = B(x, z ∗ y).
Then (F,+, ∗) is a commutative presemifield. Similarly, starting from commutative presemifield
(F,+, ∗) and putting Lz(x) = z ∗ x, one can get a symplectic presemifield (F,+, ◦):
B(z ∗ x, y) = B(Lz(x), y) = B(x,L∗z(y)) = B(x, z ◦ y).
Let Σ be a spread of 2m-dimensional vector space V = F ⊕F over F2. The affine plane A(Σ)
has as points the vectors of V and as lines the cosets S + v, where S ∈ Σ and v ∈ V . If spread
Σ(Q) is associated with a prequasifield Q, then affine plane A(Q) = A(Σ(Q)) has as points the
vectors of V and as lines {(c, y) | y ∈ F} and {(x, x ◦ b + a) | x ∈ F}, a, b, c ∈ F . These lines
can be described by equations x = c and y = x ◦ b+ a.
Let O be a line oval in a affine plane A (so corresponding line oval in a projective plane has
the line at infinity as nucleus), and E(O) the set of points which are on the lines of the line oval
O:
E(O) = {(x, y) ∈ V | (x, y) is on a line of O}.
Then each point of E(O) belongs [21] to two lines of O and
|E(O)| = q(q + 1)/2 = 22m−1 + 2m−1.
Let Q = (F,+, ◦) be a (right) prequasifield. We call mapping G : F → F an o-polynomial
for prequasifield Q if G is a permutation and the function x 7→ G(x) + x ◦ b is 2-to-1 function
for any nonzero b ∈ F .
In the affine plane A(Q), if G(x) is an o-polynomial then the curve y = G(x) intersects with
line y = x ◦ b+ a in one point if b = 0, and 0 or 2 points if b 6= 0.
The bivariate representation of Boolean functions makes sense only when n is an even integer,
which is the case for bent functions. For n = 2m we identify F2n with F2m × F2m and consider
the input to f as an ordered pair (x, y) of elements of F2m . The function f being Boolean, its
bivariate representation can be written in the (non unique) form f(x, y) = tr(P (x, y)), where
P (x, y) is a polynomial in two variables over F2m and tr is the trace function from F2m to F2.
In this section we shall only consider functions in their bivariate representation.
4.2 Spreads and bent functions
We recall the construction of bent functions from [9]. Let Rz : F → F be a linear function for
any z ∈ F . Consider a collection of subspaces {(x,Rz(x)) | x ∈ F}, z ∈ F , and {(0, y) | y ∈ F}.
Let these subspaces be a spread, that is, the mapping z 7→ Rz(x) = y be a permutation of F for
any nonzero x ∈ F . Denote by Γx the inverse of this bijection, that is, Γx(y) = z. A Boolean
function on F × F is linear on the elements of the spread if and only if there exists a function
G : F → F and an element µ ∈ F such that, for every y ∈ F ,
f(0, y) = tr(µy), (8)
and for every x, z ∈ F ,
f(x,Rz(x)) = tr(G(z)x). (9)
Up to EA-equivalence, one can assume that µ = 0. Indeed, one can add the linear function
g(x, y) = tr(µy) to f ; this changes µ into 0 and G(z) into G(z)+R∗z(µ), where R
∗
z is the adjoint
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operator of Rz, since for y = Rz(x) one has tr(µy) = B(µ, y) = B(µ,Rz(x)) = B(R
∗
z(µ), x) =
tr(R∗z(µ)x).
We take µ = 0 in expression (8), and relation (9) becomes
f(x, y) = tr(G(z)x) = tr(G(Γx(y))x). (10)
Theorem 4.2 ([9], Theorem 2). Consider a spread of F × F whose elements are 2m subspaces
of the form {(x,Rz(x)) | x ∈ F}, where, for every z ∈ F , function Rz is linear, and the
subspace {(0, y) | y ∈ F}. For every x ∈ F ∗, let us denote by Γx the inverse of the permutation
z 7→ Rz(x) = y. A Boolean function defined by equation (10) is bent if and only if G is a
permutation and, for every b 6= 0 the function G(z) + R∗z(b) is 2-to-1, where R∗z is the adjoint
operator of Rz.
An example of such function G(x) was introduced in [2, 11] in a particular case of spreads
related to symplectic semifields.
Let D ⊆ F × F . We denote by χD(x, y) the characteristic function of D and define
χ¯D(x, y) = χD(y, x) =
{
1, if (y, x) ∈ D,
0, if (y, x) 6∈ D.
Note that we changed the order of variables x and y.
Theorem 4.3. Let Q = (F,+, ◦) be a prequasifield, Σ(Q) be its associated spread, and Qt =
(F,+, ⋆) be its transpose prequasifield. Let a Boolean function f(x, y) be defined by equation
(10). Then the following statements are equivalent:
1. A Boolean function defined by equation (10) is bent;
2. The function G(z) + b ⋆ z is 2-to-1 for all b ∈ F ∗, and G(z) is a bijection;
3. O = {x = 0} ∪ {y = G(z) + x ⋆ z | z ∈ F} is a line oval for A(Qt).
In this case the dual bent function for f(x, y) is
f˜(x, y) = 1 + χ¯E(O)(x, y) = 1 + χE(O)(y, x) =
{
0, if (y, x) ∈ E(O),
1, if (y, x) 6∈ E(O),
where E(O) is the set of points which are on the lines of the line oval O. Moreover,
f˜(x, y) = yq−1
∏
z∈Q
(y ⋆ z + x+G(z))q−1.
Proof. 1) ⇔ 2). We put Rz(x) = x ◦ z. The Walsh transform of the function f(x, y) is
Wf (a, b) =
∑
x,y∈F
(−1)f(x,y)+tr(ax+by)
=
∑
x,y∈F
(−1)tr(G(Γx(y))x+ax+by)
= qδ0(b) +
∑
x∈F ∗, z∈F
(−1)tr(G(z)x+ax+bRz (x))
= q(δ0(b)− 1) +
∑
z∈F, x∈F
(−1)tr((G(z)+a+R∗z (b))x)
= q(δ0(b)− 1 + |{z ∈ F, G(z) + a+R∗z(b) = 0}|)
= q(δ0(b)− 1 + |{z ∈ F, G(z) + b ⋆ z = a}|).
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Therefore, a Boolean function f(x, y) = tr(G(z)x) is bent if and only if the function G(z)+ b ⋆ z
is 2-to-1 for all b ∈ F ∗, and G(z) is a bijection.
2)⇒ 3). Let the function G(z)+b⋆z be 2-to-1 for all b ∈ F ∗, and G(z) a bijection. Consider
a union of lines O = {x = 0}∪{y = G(z)+x⋆z | z ∈ F}. Then the number of lines of O passing
through point (x, y) = (b, a) with b 6= 0 is equal to the number of solutions of the equation
G(z) + b ⋆ z = a, which is 2 or 0. The number of lines of O passing through point (x, y) = (0, a)
is 2. Therefore, O is a line oval.
3) ⇒ 2). Let O = {x = 0} ∪ {y = G(z) + x ⋆ z | z ∈ F} be a line oval and let E(O) be the
set of points which are on the lines of O. Let b 6= 0. If (b, a) ∈ E(O) then there are two lines of
O passing through (b, a), hence the equation G(z)+ b ⋆ z = a has two solutions. If (b, a) 6∈ E(O)
then there are no lines of O passing through (b, a), hence the equation G(z) + b ⋆ z = a has no
solution. Finally, let b = 0. Then (0, a) ∈ E(O) and there are two lines of O passing through
(0, a), one of them is the line x = 0, the second should be y = G(z) + x ⋆ z for some z, hence
the equation a = G(z) has one solution.
Let conditions 1) - 3) be satisfied. Then the Walsh transform of the function f(x, y) is
Wf (a, b) = q(δ0(b)− 1 + |{z ∈ F, G(z) + b ⋆ z = a}|)
=
{
q, if (b, a) ∈ E(O),
−q, if (b, a) 6∈ E(O)
= q(−1)1+χ¯E(O) .
We have f˜(x, y) = 0 if and only if (y, x) ∈ E(O), that is, if and only if x = G(z) + y ⋆ z for
some z ∈ Q or y = 0. Hence
f˜(x, y) = yq−1
∏
z∈Q
(y ⋆ z + x+G(z))q−1,
as required.
Part 1) - 2) of the previous theorem was also proved in [11], and in case of Desarguesian
spreads it is proved in [8]. Carlet and Mesnager [8, lemma 13] also showed that, in fact, the
function G(z) is an o-polynomial and revealed general connection between Niho bent functions
(in bivariant presentation) and hyperovals. Every o-polynomial determines an equivalence class
of hyperovals. However, there are several inequivalent bent functions for each o-polynomial.
Recall that, if points of PG(2, q) have coordinates (x0, x1, x2) and G(z) is an o-polynomial, then
corresponding hyperoval may be written, for example, as
O = {(1, z,G(z)) : z ∈ F} ∪ {(0, 0, 1), (0, 1, 0)}.
We make result of Carlet and Mesnager more precise and show that bent functions linear on
elements of a Desarguesian spread are in one-to-one correspondence with line ovals in an affine
plane. One of advantages of our approach is that it gives us a straightforward formula to
calculate dual bent function. In addition, it becomes easier to study equivalence questions.
Remark 4.4. If Q is a semifield then the condition 2) in Theorem 4.3 means that G(z) is an
oval polynomial for Qtd.
We recall standard collineations of the affine plane A(Q):
τu,v : (x, y) 7→ (x+ u, y + v),
ρc : (x, y) 7→ (x, y + x ◦ c),
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ϕˆ : (x, y) 7→ (ϕ(x), ϕ(y)),
where ϕ ∈ Aut(Q). These collineations generate the full group of collineations (automorphisms)
of A(Q) for many types of semifields [21]. The spread Σ(Q) is invariant under the actions of
collineations ρc and ϕˆ.
Collineations ρc and ϕˆ induce functions
(ρcf)(x, y) = f(ρ
−1
c (x, y)) = f(x, y − x ◦ c),
(ϕˆf)(x, y) = f(ϕ−1(x), ϕ−1(y)).
Next we show that adding a linear function tr(ux + vy) to f(x, y) produces a shift of the
corresponding line oval by the vector (v, u). We remind that if f(x, y) is bent then f(x, y) +
tr(ux+ vy) is bent as well.
Proposition 4.5. Let Q = (F,+, ◦) be a prequasifield, Σ(Q) be its associated spread, and
Qt = (F,+, ⋆) be the transpose prequasifield of Q. Let a bent function f(x, y) be defined by
Equation (10), and O = {x = 0} ∪ {y = x ⋆ z + G(z) | z ∈ F} be its corresponding line oval.
Define a function fu,v(x, y) = f(x, y)+ tr(ux+vy) and a line oval Ov,u = τv,uO, where u, v ∈ F .
Then
f˜u,v(x, y) = 1 + χE(Ov,u)(x, y) = 1 + χE(Ov,u)(y, x).
Proof. We have
Wfu,v(a, b) =
∑
x,y∈F
(−1)f(x,y)+tr(ux+vy)+tr(ax+by)
= Wf (a+ u, b+ v)
=
{
q, if (b+ v, a+ u) ∈ E(O),
−q, if (b+ v, a+ u) 6∈ E(O)
=
{
q, if (b, a) ∈ E(Ov,u),
−q, if (b, a) 6∈ E(Ov,u).
Therefore,
f˜u,v(x, y) = 1 + χE(Ov,u)(x, y).
The main result of this section is the following.
Theorem 4.6. Let Q = (F,+, ◦) be a prequasifield, Σ(Q) be its associated spread, and Qt =
(F,+, ⋆) be the transpose prequasifield of Q. Then bent functions f(x, y) which are linear on
elements of the spread Σ(Q), are in one-to-one correspondence with line ovals O in A(Qt). Dual
function f˜ can be obtained from the characteristic function of E(O) by swapping coordinates
(x, y) and adding constant function 1, where E(O) is the set of points which are on the lines of
the line oval O.
Proof. Let f(x, y) be a bent function linear on the elements of the spread Σ(Q). Then f(0, y) =
tr(vy) for some v ∈ F . Adding the linear function tr(vy), we can assume that f(0, y) = 0. Then
by Theorem 4.3 it corresponds to a line oval O in A(Qt). By Proposition 4.5, shifting line oval
O by the vector (v, 0) gives a line oval for the original function f(x, y).
Conversely, let O be a line oval in A(Qt). These lines can be described by equations x = c
and y = x◦z+G(z). There are no parallel lines in O, since two parallel lines and line at infinity
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are concurrent in a projective plane. Therefore, line oval O consists of q different lines of the
form y = x◦z+G(z) and one line x = c, so G(z) is a function from F to F . Shifting line oval by
the vector (c, 0), we can assume that c = 0. Then this oval corresponds to a Boolean function
f(x, y) defined by Equation (10).
Therefore, bent functions f(x, y), which are linear on the elements of a spread, are canonically
associated with line ovals in the translation plane of the dual (orthogonal) spread. Dual bent
functions can be described by points on such line ovals. These line ovals live in the affine plane
A(Qt) and the (dual) nucleus is exactly the line at infinity. In the previous papers o-polynomials
were considered, and people might try to associate them with ovals. But we see that line ovals
are more appropriate objects to study than ovals. And in addition, in case of semifields, one
can get ovals in the projective plane associated with Qtd.
Now we study how collineations of A(Q) may reflect line ovals and bent functions. For
the collineation ρc : (x, y) 7→ (x, y + x ◦ c) of A(Q) we define the corresponding collineation
ρtc : (x, y) 7→ (x, y + x ⋆ c) of A(Qt).
Proposition 4.7. Let Q = (F,+, ◦) be a prequasifield, Σ(Q) be its associated spread, and
Qt = (F,+, ⋆) be the transpose prequasifield of Q. Let a bent function f(x, y) be defined by
Equation (10), and O = {x = 0} ∪ {y = x ⋆ z + G(z) | z ∈ F} be its corresponding line oval.
Define a function fc = ρcf and a line oval Oc = ρtc(O) = {x = 0}∪{y = x⋆z+G(z+c) | z ∈ F}.
Then fc is bent and
f˜c(x, y) = 1 + χE(Oc)(x, y) = 1 + χE(Oc)(y, x).
Proof. We have
Wfc(a, b) =
∑
x,y∈F
(−1)(ρcf)(x,y)+tr(ax+by)
=
∑
x,y∈F
(−1)f(x,y+x◦c)+tr(ax+by)
= qδ0(b) +
∑
x∈F ∗, z∈F
(−1)tr(G(z+c)x+ax+bRz(x))
= q(δ0(b)− 1) +
∑
z∈F, x∈F
(−1)tr((G(z+c)+a+R∗z (b))x)
= q(δ0(b)− 1 + |{z ∈ F, G(z + c) + a+R∗z(b) = 0}|)
= q(δ0(b)− 1 + |{z ∈ F, G(z + c) + b ⋆ z = a}|)
=
{
q, if (b, a) ∈ E(Oc),
−q, if (b, a) 6∈ E(Oc).
Therefore,
f˜c(x, y) = 1 + χE(Oc)(x, y),
as required.
Corollary 4.8. Up to EA-equivalence, in bent function defined by Equation (10) one can assume
that G(0) = 0.
Proof. Since G is a permutation, there exists c ∈ F such that G(c) = 0. Then for the bent
function fc = ρcf its corresponding o-polynomial is Gc(z) = G(z + c), and Gc(0) = 0.
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Proposition 4.9. Let Q = (F,+, ◦) be a prequasifield, Σ(Q) be its associated spread, and
Qt = (F,+, ⋆) be the transpose prequasifield of Q. Let a bent function f(x, y) be defined by
equation (10), and O = {x = 0} ∪ {y = x ⋆ z +G(z) | z ∈ F} be its corresponding line oval. For
ϕ ∈ Aut(Q) define function f ′ = ϕˆf and line oval Oϕ = {((ϕ∗)−1(x), (ϕ∗)−1(y)) : (x, y) ∈ O}.
Then f ′ is bent and
f˜ ′(x, y) = 1 + χE(Oϕ)(x, y) = 1 + χE(Oϕ)(y, x).
Proof. We have
Wf ′(a, b) =
∑
x,y∈F
(−1)f(ϕˆ−1(x,y))+tr(ax+by)
=
∑
x,y∈F
(−1)f(ϕ−1(x),ϕ−1(y)))+tr(ax+by)
=
∑
x,y∈F
(−1)f(x,y)+tr(aϕ(x)+bϕ(y))
=
∑
x,y∈F
(−1)f(x,y)+tr(ϕ∗(a)x+ϕ∗(b)y)
= Wf (ϕ
∗(a), ϕ∗(b))
=
{
q, if (ϕ∗(b), ϕ∗(a)) ∈ E(O),
−q, if (ϕ∗(b), ϕ∗(a)) 6∈ E(O),
=
{
q, if (b, a) ∈ E(Oϕ),
−q, if (b, a) 6∈ E(Oϕ).
Therefore,
f˜ ′(x, y) = 1 + χE(Oϕ)(x, y).
4.3 Bent functions related to symplectic spreads
In this subsection we consider particular cases of spreads.
Corollary 4.10. Let Q = (F,+, ◦) be a presemifield such that its transpose presemifield Qt =
(F,+, ⋆) is commutative (so Q is dual to a symplectic presemifield). Consider the spread Σ(Q).
Let G(z) = z ⋆ z and let a Boolean function f(x, y) be defined by equation (10). Then function
f(x, y) is bent; O = {x = 0} ∪ {y = z ⋆ z + x ⋆ z | z ∈ F} is a line oval for A(Qt), and the dual
bent function for f(x, y) is
f˜(x, y) = 1 + χ¯E(O)(x, y) = 1 + χE(O)(y, x) =
{
0, if (y, x) ∈ E(O),
1, if (y, x) 6∈ E(O),
where E(O) is the set of points which are on the lines of the line oval O.
Proof. It is generally known that the function G(z) = z ⋆ z determines a hyperoval for com-
mutative semifield planes (see, for example, [19]). We provide a proof here for the sake of
completeness. Denote
Hb(z) = G(z) + b ⋆ z = z ⋆ z + b ⋆ z = (z + b) ⋆ z.
We note thatHb(z) is a linear map over F2, since operation ⋆ is commutative, and kerHb = {0, b}.
Therefore, the equation Hb(z) = a has 0 or 2 solutions in F .
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It remains to prove that G is a permutation. Suppose that the linear map G is not invertible.
Then there exists a ∈ F ∗ such that G(a) = 0. Therefore a ⋆ a = 0, a contradiction.
Now the statement of corollary follows from Theorem 4.3.
Next we consider spreads of symplectic quasifields and state a result similar to Corollary
4.10.
Corollary 4.11. Let Q = (F,+, ◦) be a symplectic prequasifield and Σ(Q) be its associated
spread. Let G(z) be an o-polynomial for the prequasifield Qd and let a Boolean function f(x, y) be
defined by equation (10). Then function f(x, y) is bent; O = {x = 0}∪{y = G(z)+x◦z | z ∈ F}
is a line oval for A(Q), and the dual bent function for f(x, y) is
f˜(x, y) = 1 + χ¯E(O)(x, y) = 1 + χE(O)(y, x) =
{
0, if (y, x) ∈ E(O),
1, if (y, x) 6∈ E(O),
where E(O) is the set of points which are on the lines of the line oval O.
Proof. Immediately follows from Theorem 4.3 using the fact that for symplectic prequasifield
we have Q = Qt.
The following theorem gives a lot of examples of symplectic prequasifields.
Theorem 4.12 ([24], Proposition 2.19). Let F = F0 ⊃ F1 ⊃ · · · ⊃ Fn be a chain of distinct
fields such that [F : Fn] is odd, with trace maps Ti : F → Fi. Set λ0 = 1; let λi ∈ F ∗i and ζi ∈ F
be arbitrary for 1 ≤ i ≤ n; and for 0 ≤ i ≤ n write ci =
∏i
j=0 λj. Define Q = (F,+, ◦) by
x ◦ y = xy2 +
n∑
i=1
[ci−1yTi(ci−1xy) + ciyTi(cixy)]
+
n∑
i=1
[ci−1yTi(xζi) + ζiyTi(ci−1xy)].
Then Q is a prequasifield coordinatizing a symplectic spread.
Using this Theorem and Corollary 4.11 one can get new examples of bent functions.
Now we consider the case where we know examples of o-polynomials for symplectic prequasi-
fields. We recall one general example of line ovals for symplectic spreads [22, 30] associated with
prequasifield Q = (F,+, ◦). We assume that F is an algebraic extension of a field K of degree
n. So F can be considered as K-vector space of dimension n. Let T : F → K be the trace map
from F into K. We choose an orthogonal basis of F over K such that usual dot product x · y in
Kn is equal to T (xy). Assume that K ⊆ K(Q) and (kx) ◦ y = k(x ◦ y) for all k ∈ K and x ∈ F .
It is clear that Rz(x) = x ◦ z is K-linear map.
We define the alternating bilinear form ϕ : F × F → K by
ϕ((x1, x2), (y1, y2)) = T (x1y2 − x2y1).
Composition of ϕ with absolute trace map TrK/F2 gives alternating bilinear form into F2.
Let Q be a prequasifield such that the spread Σ(Q) of Kn ×Kn be symplectic with respect
to form ϕ. Then subspaces of Σ(Q) are given by
{(x, x ◦ z) | x ∈ Kn} = {(x, xMz) | x ∈ Kn},
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where Mz is the matrix of right multiplication (in Q) by z. It is clear that Mz is symmetric,
since the spread is symplectic:
0 = ϕ((x, xMz), (y, yMz)) = x · (yMz)− xMz · y = x(yMz)t − xMzyt = x(M tz −Mz)yt.
Define the map d from the set of symmetric matrices into Kn, which associates to every sym-
metric matrix M the vector d(M) whose components are the square roots of diagonal elements
of M in their natural order. Then
O = {x = 0} ∪ {y = d(Mz) + xMz | z ∈ Kn}
is a line oval [30] in A(Q). We also denote d(z) = d(Mz).
Define quadratic form q : F × F → F2 by q((x, y)) = TrK/F2(x · y) = TrK/F2(T (xy)) and
denote by
S(q) = {v ∈ F 2 | q(v) = 0}
the set of singular vectors of q (including the zero vector). Then [22, 30] one has
E(O) = S(q).
Example 4.13. Consider Desarguesian plane F × F , F = F2m . The alternating bilinear form
is ϕ((x1, x2), (y1, y2)) = tr(x1y2−x2y1). The symplectic spread consists of the subspace {(0, y) |
y ∈ F} and subspaces {(x, xz) | x ∈ F}, z ∈ F . We have d(z) = √z.
Then the corresponding line oval is
O = {x = 0} ∪ {y = √z + xz | z ∈ F}.
Therefore,
f(x, y) = tr(G(y/x)x) = tr(
√
y/x x) = tr(xy),
q((x, y)) = tr(xy),
f˜(x, y) = 1 + χ¯S(q)(x, y) = tr(xy),
as one could expect.
Example 4.14. The Lu¨neburg symplectic spread is defined in the following way [29]. Let
F = F2m be a finite field, m = 2k + 1. Let σ be the automorphism of F defined by a
σ = a2
k+1
.
Then aσ
2
= a2. Points of the plane are (x1, x2, y1, y2) ∈ F 4. Let x = (x1, x2), y = (y1, y2),
z = (z1, z2). Define
Mz =
(
z1 z
σ−1
1 + z
1+σ−1
2
zσ
−1
1 + z
1+σ−1
2 z2
)
,
x ◦ z = xMz = (x1z1 + x2(zσ−11 + z1+σ
−1
2 ), x1(z
σ−1
1 + z
1+σ−1
2 ) + x2z2).
Then the symplectic spread is defined by the subspace {(0, y) | y ∈ F 2} and subspaces
{(x, x ◦ z) | x ∈ F 2}, z ∈ F 2. One has
d(z) = (
√
z1,
√
z2).
The corresponding line oval is
O = {x = 0} ∪ {y = (√z1,√z2) + xM(z1,z2) | (z1, z2) ∈ F 2}.
For quadratic form we have
q((x1, x2, y1, y2)) = tr((x1, x2) · (y1, y2)) = tr(x1y1 + x2y2).
Since E(O) = S(q), in this case the bent function is EA-equivalent to that from Example 4.13.
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Therefore, we have the following interesting observation. Symplectic spreads from Example
4.13 and Example 4.14 are not equivalent (they have different automorphism groups [29]), but
they generate EA-equivalent bent functions. Hence, bent functions which are linear on subspaces
of inequivalent spreads can be EA-equivalent. (In particular, this happens in the special case of
line ovals which are called completely regular line ovals and studied in [30], that was the case
in Examples 4.13 and 4.14.) In [11] it was mentioned that such EA-equivalence would give a
surprising link between two inequivalent spreads.
4.4 Desarguesian spreads
In this subsection we consider the case of Desarguesian spreads.
Proposition 4.15. Let Σ(F ) be the Desarguesian spread. Let a Boolean function f(x, y) be
defined by equation (10), and O = {x = 0} ∪ {y = xz +G(z) | z ∈ F} be its corresponding line
oval. For ψ ∈ GL(2, q)〈σ〉 define function f ′ = ψf and line oval Oψ = ψ(O). Then f ′ is bent
and
f˜ ′(x, y) = 1 + χE(Oψ)(x, y).
Proof. Let ψ ∈ GL(2, q) and
ψ : (x, y) 7→ (x, y)
(
α β
γ δ
)
= (αx+ γy, βx+ δy).
Assume first that det(ψ) = 1. Then we have
Wf ′(a, b) =
∑
x,y∈F
(−1)f(δx+γy,βx+αy)+tr(ax+by)
=
∑
x′,y′∈F
(−1)f(x′,y′)+tr(a(αx′+γy′)+b(βx′+δy′))
=
∑
x′,y′∈F
(−1)f(x′,y′)+tr((aα+bβ)x′+(aγ+bδ)y′)
= Wf (aα+ bβ, aγ + bδ)
=
{
q, if (aγ + bδ, aα + bβ) ∈ E(O),
−q, if (aγ + bδ, aα + bβ) 6∈ E(O),
=
{
q, if (ψ−1(b, a)) ∈ E(O),
−q, if (ψ−1(b, a)) 6∈ E(O),
=
{
q, if (b, a) ∈ E(Oψ),
−q, if (b, a) 6∈ E(Oψ).
Therefore,
f˜ ′(x, y) = 1 + χE(Oψ)(x, y).
For the map ψ : (x, y) 7→ (λx, λy) we can work similarly. Finally, if ψ = σ, we note that
(σ∗)−1 = σ and we apply Proposition 4.9.
Now we consider question whether equivalent ovals (hyperovals) produce equivalent bent
functions. Extend affine plane AG(2, q) to projective plane PG(2, q). We recall that auto-
morphism (collineation) group of PG(2, q) is PΓL(3, q) = PGL(3, q)〈σ〉 and automorphism
group of AG(2, q) is AΓL(2, q) = AGL(2, q)〈σ〉, where 〈σ〉 is the Galois group of F , and
AGL(2, q) = F 2 · GL(2, q) is the affine group. Consider an oval O in PG(2, q). By adding
22
the nucleus N to O we get hyperoval O′. Conversely, taking a hyperoval O′ and removing any
point N ∈ O′ we get an oval O′ \N . Hence one hyperoval produces q+2 ovals. If O′ is a hyper-
oval and N1 ∈ O′, N2 ∈ O′, then we construct two ovals O1 = O′ \N1 and O2 = O′ \N2. Ovals
O1 and O2 are (projectively) equivalent in PG(2, q) if the stabilizer of O′ in PΓL(3, q) maps N1
to N2. Therefore, the number of projectively inequivalent ovals obtained from hyperoval O′ is
equal to the number of orbits of O′ under the action of stabilizer of O′. By duality, the same
statement is true for dual ovals.
By Theorem 4.6 bent functions linear on the elements of spreads are in one-to-one corre-
spondence with line ovals with nucleus in the line at infinity. Such line ovals are equivalent
in AG(2, q) under AΓL(2, q) if and only if they are (projectively) equivalent in PG(2, q) under
PΓL(3, q), since stabilizer in PΓL(3, q) of the line at infinity is equal to AΓL(2, q). Line ovals
are equivalent in AG(2, q) under AΓL(2, q) if and only if corresponding bent functions are EA-
equivalent. Hence bent functions are EA-equivalent if and only if corresponding line ovals are
projectively equivalent. Therefore, the number of EA-inequivalent bent functions obtained from
fixed hyperoval O′ is equal to the number of orbits of O′ under the action of automorphism
group of O′.
We note that similar results concerning EA-equivalence of Niho bent functions were an-
nounced without proof in [32], cited in [10].
5 Conclusion
We considered bent functions which are linear on the elements of spreads. We showed that duals
of such bent functions can be characterized by line ovals. We studied these constructions for
Desargusian spreads and in two special cases related to symplectic spreads. In particular, we give
a geometric characterization of Niho bent functions and their duals, give explicit formulas for
dual bent functions and present direct connections with ovals and line ovals. Finally, we showed
that bent functions which are linear on elements of inequivalent spreads can be EA-equivalent.
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